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We study f(R, T ) theories of gravity, where T is the trace of the energy-momentum tensor Tµν ,
with independent metric and affine connection (metric-affine theories). We find that the resulting
field equations share a close resemblance with their metric-affine f(R) relatives once an effective
energy-momentum tensor is introduced. As a result, the metric field equations are second-order and
no new propagating degrees of freedom arise as compared to GR, which contrasts with the metric
formulation of these theories, where a dynamical scalar degree of freedom is present. Analogously
to its metric counterpart, the field equations impose the nonconservation of the energy-momentum
tensor, which implies nongeodesic motion and consequently leads to the appearance of an extra
force. The weak field limit leads to a modified Poisson equation formally identical to that found
in Eddington-inspired Born-Infeld gravity. Furthermore, the coupling of these gravity theories to
perfect fluids, electromagnetic, and scalar fields, and their potential applications are discussed.
PACS numbers: 04.20.Dw, 04.40.Nr, 04.50.Kd, 04.70.Bw
I. INTRODUCTION
Modified theories of gravity are a mainstream topic
in modern cosmology, essentially due to the discovery of
the late-time cosmic accelerated expansion [1, 2]. These
theories assume that Einstein’s General Relativity (GR)
breaks down at large scales and that an extension of the
Einstein-Hilbert action describing the gravitational field
is necessary, offering an alternative paradigm fundamen-
tally distinct from dark energy models of cosmic accelera-
tion [3, 4]. Further physical motivations for these theories
include a more realistic representation of quantum and
gravitational fields at high-energy densities near curva-
ture singularities, and the possibility to create some effec-
tive first order approximation of quantum gravity [5, 6].
The simplest such extension of GR is perhaps to consider
a Lagrangian density given by a certain function f(R),
where R is the scalar curvature, whose phenomenology
has been largely explored in the literature [7–9].
An interesting generalization of f(R) gravity involves
the inclusion of a nonminimal coupling between the scalar
curvature and matter [10–13]. One of the original mo-
tivations to implement this coupling was to establish a
link with MOND and the flat galactic rotation curves. It
was further shown that this curvature-matter coupling in-
duces a non-vanishing covariant derivative of the energy-
momentum tensor, which implies nongeodesic motion
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and consequently leads to the appearance of an extra
force [11]. Thus, these models allow for an explicit vio-
lation of the equivalence principle (EP), which is tightly
constrained by solar system experimental tests [14], by
imposing a matter-dependent deviation from geodesic
motion. Low-energy features of specific compactified ver-
sions of higher-dimensional theories also imply the EP
violation [15]. However, it has been argued that the EP
is not one of the “universal” principles of physics [16],
but rather it is a heuristic hypothesis introduced by Ein-
stein, and used to construct his theory of GR. Further
tests of the EP are relevant for new physics and strongly
constrain the parameters of the theory [17, 18]. However,
it is important to note that the violation of the EP does
not in principle rule out the specific theory.
The linear nonminimal curvature-matter coupling [11]
was further generalized by considering a maximal ex-
tension of the Einstein-Hilbert action, namely, f(R,Lm)
gravity [19], where Lm is the matter Lagrangian. A re-
lated theory is f(R, T ) gravity, where the gravitational
Lagrangian is given by an arbitrary function of the Ricci
scalar and the trace T of the energy-momentum tensor
Tµν [20]. All of these theories induce the presence of an
extra force and consequently nongeodesic motion. An
interesting cosmological motivation for f(R, T ) gravity
is that it may be considered a relativistically covariant
model of interacting dark energy [20]. Note that the
dependence from T may be induced by exotic imper-
fect fluids or quantum effects (conformal anomaly). A
physical interpretation consists on the possibility that
the curvature-matter coupling is related to the thermo-
dynamics of open systems, and is responsible for matter
creation irreversible processes that may take place at a
2cosmological scale [21, 22]. Fundamental applications of
the curvature-matter couplings in the study of quantum
gravitational theories with first order quantum correc-
tions induced by a stochastically fluctuating metric have
also been analysed [23]. It is interesting to note that in
recent work [24, 25], it was argued that the on-shell La-
grangian of a perfect fluid depends on microscopic prop-
erties of the fluid, and consequently it was shown that
if the fluid is constituted by localized concentrations of
energy with fixed rest mass and structure (solitons) then
the average on-shell Lagrangian of a perfect fluid is given
by Lm = T . Thus, this seems to indicate that, in this
context, f(R,Lm) theories may be regarded as a subclass
of f(R, T ) gravity. Further arguments in favor of these
theories are found on the fact that the relativistic be-
havior of a Tully-Fisher law observed in the rotation of
galaxies can be modelled with a f(R, T ) or f(R,Lm) de-
scription, as shown in [26], which is coherent with lensing
observations of individual, groups and clusters of galax-
ies. The literature of f(R, T ) gravity is extremely vast
and we refer the reader to the review [27] for further mo-
tivations and applications.
The current approach to f(R, T ) theories is framed
within the so-called metric formulation, where the affine
structure of the spacetime geometry is dictated by the
metric tensor1. Other approaches, however, are possi-
ble. In fact, if one allows the connection to vary in-
dependently of the metric tensor, the so-called metric-
affine or Palatini approach, the resulting field equations
typically lead to different dynamics, offering alterna-
tive avenues to explore new gravitational physics. The
curvature-matter coupling in metric-affine approach has
been scarcely considered in the literature [29], with the
main highlight being that the independent connection
can be expressed as the Levi-Civita connection of an aux-
iliary (matter Lagrangian-dependent) metric, which is re-
lated with the physical metric by means of a conformal
transformation. Analogously to the metric case [11], the
field equations impose the nonconservation of the energy-
momentum tensor. In this framework, the FLRW equa-
tions for brane-world cosmology and loop quantum cos-
mology can be derived out of a quadratic f(R) theory
plus a nonminimal linear coupling between matter and
curvature [30]. Let us also point out that generalized
descriptions of galaxies rotation curves have been previ-
ously implemented in the literature using a metric-affine
formalism with torsion included in the description of the
gravitational action [31, 32].
The main aim of this work is to address in detail
f(R, T ) theories in this, so far quite unexplored, alter-
native metric-affine view. We will show that the result-
ing theories are radically different in some aspects from
1 It has been argued in [28] that in this approach models of the
form f(R, T ) = f1(R) + f2(T ) yield a scale-dependent behavior
of scalar cosmological perturbations that is disfavored by obser-
vational data, severely limiting the viability of such models.
their metric counterparts, though they share many re-
semblances with their f(R) relatives. In fact, the study
of modified theories of gravity in metric-affine scenarios
involving torsion and nonmetricity has received a contin-
uous interest in the last two decades, with several review
articles focused on those topics [33–35]. This work will
pave the path for future studies of f(R, T ) theories in
geometric scenarios where torsion and nonmetricity are
not a priori constrained to vanish. We note in this re-
gard that whether the spacetime structure is Riemannian
or otherwise is a foundational question of gravitational
physics that must be answered empirically, not decided
by convention or on practical terms.
This paper is organized as follows: In Sec. II, we
present the formalism of f(R, T ) gravity in the metric-
affine approach, focussing on the role of the curvature-
matter coupling in the equations of motion, the conser-
vation equation, and the geodesic motion and presence of
a fifth force. In Sec. III, we trace out the weak field limit
and show that the modified Poisson equation is formally
identical to that found in Eddington-inspired Born-Infeld
gravity. In Sec. IV, we present several specific applica-
tions, such as the stellar structure equations, and in the
presence of electromagnetic fields and scalar fields. Fi-
nally, in Sec. V, we summarize our results and depict
some future applications.
II. THEORY, FORMULATION, AND
EQUATIONS OF MOTION
To introduce the action of f(R, T ) gravity in the
metric-affine approach one needs to bear in mind that
only the affine connection Γλµν is needed to define the
Ricci tensor, which follows from the Riemann tensor
Rαβµν = ∂µΓ
α
νβ − ∂νΓαµβ + ΓαµλΓλνβ − ΓανλΓλµβ , (1)
as Rµν(Γ) ≡ Rαµαν(Γ) (no indices lowered/raised with
the metric). Subsequent contraction with the metric gµν
allows to define the curvature scalar as R ≡ gµνRµν(Γ).
This guarantees that only the symmetric part of the Ricci
tensor enters into the action, which significantly simpli-
fies the role of torsion, making it irrelevant if fermions
are not considered [36]. Throughout this work, we as-
summe the (−,+,+,+) signature. With these elements
the action considered in this work takes the form
S = 1
2κ2
∫
d4x
√−gf(R, T ) +
∫
d4x
√−gLm(gµν , ψm) ,
(2)
with the following definitions and conventions: κ2 is some
constant with suitable dimensions (in GR, κ2 = 8πG),
g is the determinant of the spacetime metric gµν , the
factor f(R, T ) is an arbitrary function of the curvature
scalar R and the trace of the energy-momentum tensor,
T ≡ gµνTµν , which is defined as
Tµν = − 2√−g
δ(
√−gLm)
δgµν
. (3)
3Finally, the standard matter Lagrangian density Lm de-
pends on the matter fields ψm and the metric gµν , but
not on the independent connection Γλµν .
The variation of the action (2) can be conveniently
expressed as
δS =
∫
d4x
√−g
2κ2
[
fRRµν − 1
2
gµνf + fT
δT
δgµν
− κ2Tµν
]
δgµν
+
1
2κ2
∫
d4x
√−gfRgµνδRµν(Γ) , (4)
where we have defined fR ≡ df/dR and fT ≡ df/dT
and split the variation into two lines to highlight the
variations with respect to the metric and with respect
to the affine connection, respectively. Now using the fact
that the variation of T with respect to gµν can be written
as
δT
δgµν
= Tµν +Θµν , (5)
where
Θµν ≡ gλρ δTλρ
δgµν
, (6)
then the variation of Eq. (4) with respect to gµν can be
expressed as
fRRµν − 1
2
gµνf = κ
2τµν , (7)
where we have introduced the effective energy-
momentum tensor
τµν = Tµν
(
1− fT
κ2
)
− fT
κ2
Θµν , (8)
which plays a key role in the dynamics of these models,
as shall be clear later. On the other hand, from the
variation of the Ricci tensor in (4), after integration by
parts and a bit of algebra one finds2
∇Γλ(
√−gfRgµν) = 0 . (9)
The two sets of Eqs. (7) and (9) can be written in a more
suitable form by noting that the contraction of (7) with
the metric gµν yields the result
RfR − 2f = κ2τ , (10)
where τ ≡ gµντµν . Note that (10) is an algebraic equa-
tion rather than a differential one and implies that, like
in the metric-affine f(R) case, the curvature scalar is a
function of the matter sources only. This allows to in-
troduce a new rank-two tensor hµν such that the connec-
tion equations (9) can be expressed as ∇Γλ(
√−hhµν) = 0,
which implies the conformal relation
hµν = fRgµν , (11)
2 For a detailed derivation of these equations including torsion, see
[36].
between these two metrics. This way, the affine connec-
tion Γλµν is given by the Christoffel symbols of the metric
hµν , i.e.,
Γλµν =
hλα
2
(∂µhαν + ∂νhαµ − ∂αhµν) . (12)
Now, contracting Eqs. (7) with hαµ, using the con-
formal relation (11), and rearranging terms one arrives
at
Rµν(h) =
κ2
f2R
(
τµν +
f(R, T )
2κ2
δµν
)
, (13)
where Rµν(h) ≡ hµαRαν . Written in this form, Eqs. (13)
become (for any f(R, T ) function) a system of second-
order differential Einstein-like field equations for the met-
ric hµν , with all the terms on the right-hand side be-
ing functions of the matter sources, and representing
a natural generalization of metric-affine f(R) theories
with the fT -corrections encoded in the effective energy-
momentum tensor τµν of Eq. (8). After solving these
equations for hµν one just needs to use the conformal rela-
tion (11) to find the spacetime metric gµν . A corollary of
these features is that, in vacuum, Tµ
ν = 0, all the terms
on the right-hand side vanish, one finds that hµν = gµν
(modulo a trivial rescaling), and the same vacuum solu-
tions of GR (with possibly a cosmological constant term)
are recovered. This implies that the propagating degrees
of freedom present in these theories are the same as those
in GR.
A. The role of the curvature-matter coupling
To fully specify these theories of gravity one needs not
only the particular dependence on the scalar curvature
but also the matter Lagrangian density Lm. Once the
latter is given, one can compute explicitly the object Θµν
in Eq.(6) as [20]
Θµν = −2Tµν + gµνLm − 2gαβ ∂
2Lm
∂gαβ∂gµν
. (14)
This expression allows to rewrite τµν in Eq. (8) into the
more suggestive form
τµν = T
µ
(I)ν +
fT
κ2
[
T µ(I)ν − T µ(II)ν
]
, (15)
where for convenience we have introduced the tensors
T µ(I)ν = −2gµρ
∂Lm
∂gρν
+ Lmδµν , (16)
T µ(II)ν = −2gµρgαβ
∂2Lm
∂gαβ∂gρν
+ Lmδµν . (17)
The first one corresponds to the standard energy-
momentum tensor defined in Eq. (3), while the second
one is a generalization involving second metric derivatives
4of the matter Lagrangian density. This structure suggests
that it should be possible to consider more general theo-
ries containing additional couplings between gravity and
the matter fields in this context. In particular, a family
of f(R, τ) theories, with τ ≡ τµµ, would lead to an ex-
tension involving terms with three derivatives of Lm with
respect to the metric, and so on.
A case of general interest for the matter fields is repre-
sented by a perfect fluid, whose energy-momentum tensor
is of the form
Tµν = (ρ+ P )uµuν + Pgµν , (18)
where uµ is the unit timelike vector, uµu
µ = −1, while ρ
and P are the energy density and pressure of the fluid,
respectively. For this matter source, we assume that
Lm = P as the matter Lagrangian density 3 which, from
Eq. (14), yields
Θµν = −2Tµν − Pgµν . (19)
Inserting this result in Eq. (13), one finds
Rµν(h) =
1
f2R
[
(κ2 + fT )T
µ
ν +
(
f
2
+ PfT
)
δµν
]
. (20)
From this expression, it is easy to verify that the limit
P → 0 recovers the same dynamics as metric-affine f(R)
theories but with a varying effective Newton’s constant,
namely, κ2eff = κ
2 + fT , with fT a function of ρ. If we
further restrict to the case fT =constant, then the cor-
respondence is exact. This puts forward that the family
of models f(R, T ) = f(R) + ǫT only departs from the
f(R) case in scenarios where the fluid pressure becomes
relevant as compared to the term f(R, T )/2.
B. Conservation equation
Let us now work out the analogous of the conserva-
tion equation in these theories. First we rewrite the field
equations (13) as
Gµν(h) =
κ2
f2R
[
τµν − δ
µ
ν
2
(
τ +
f
κ2
)]
. (21)
Taking a covariant derivative on both sides on this equa-
tion and using Bianchi’s identities, ∇(h)µ Gµν(h) ≡ 0 (the
superindex h indicates covariant derivatives defined with
the independent connection Γλµν), one finds
∇(h)µ τµν −
1
2
∂ν
(
τ +
f
κ2
)
− 2∂µ ln fR
[
τµν − δ
µ
ν
2
(
τ +
f
κ2
)]
= 0 .(22)
3 For an extended discussion on the well known problem of whether
Lm = P or Lm = −ρ is the right Lagrangian of a perfect fluid,
and its consequences for nonminimally coupled theories see e.g.
[37, 38].
On the other hand, the relation between covariant deriva-
tives defined with the independent connection and those
defined with the connection associated to the Christoffel
symbols of the metric, ∇(g)µ , is obtained as
∇(h)µ τµν = ∇(g)µ τµν + Cµµλτλµ − Cλµντµλ , (23)
where
Cαµν =
hαρ
2
[
∇(g)µ hρν +∇(g)ν hρµ −∇(g)ρ hµν
]
. (24)
Now, using the conformal relation (11) and after a bit of
algebra upon the relation above one arrives at
∇(h)µ τµν = ∇(g)µ τµν + 2τλν∂λ ln fR −
τ
2
∂ν ln fR . (25)
Plugging this result into the nonconservation equation
(22) yields
∇(g)µ τµν +
(
τ
2
+
f
κ2
)
∂νfR
fR
− ∂ν
(
τ
2
+
f
2κ2
)
= 0 . (26)
Using now the trace equation (10) to consider the com-
binations
1
2
(
τ +
f
κ2
)
=
1
2κ2
(RfR − f) , (27)
τ
2
+
f
κ2
=
1
2κ2
RfR , (28)
and after some manipulations we finally obtain the result
∇(g)µ τµν = −
fT
2κ2
∂νT , (29)
implying that the effective energy-momentum tensor τµν
is conserved only when the term fT∂νT vanishes. This
has nontrivial consequences regarding several contexts,
in particular, stellar structure, as shall be seen in Sec. IV
below.
C. Geodesic equation and extra force
In order to compute the geodesic equation obtained
from the nonconservation equation (29), let us substitute
the relation (14) into the definition of τµν given by Eq.
(8), to obtain
τµν = Tµν + 2
fT
κ2
(
gαβ
∂2Lm
∂gαβ∂gµν
− ∂Lm
∂gµν
)
, (30)
where we have used the expression of the energy-
momentum tensor given by Eq. (16). Therefore, Eq.
(29) implies that
∇(g)µ T µν =
2
κ2
∇(g)µ
[
fT g
µλ
(
∂Lm
∂gλν
− gαβ ∂
2Lm
∂gαβ∂gλν
)]
− fT
2κ2
∂νT. (31)
5On the other hand, since the matter current conser-
vation relation ∇(g)µ (ρuµ) = 0 implies that the quan-
tity uµρ
√−g is conserved, therefore the differential of
this quantity is null. With this and using the fact that
2δuµ = uνδg
µν and 2δ
√−g = √−ggµνδgµν we obtain
the following relation:
δρ =
1
2
ρ(gµν + uµuν)δg
µν , (32)
which facilitates the computation of ∂Lm/∂gλν and
∂2Lm/∂gαβ∂gλν on the right-hand side of (31). With
this last expression, the energy-momentum tensor (16) is
given by
Tµν = −ρuµuν dLm
dρ
+ gµν
(
Lm − ρdLm
dρ
)
. (33)
Using Eq. (32) to express the derivatives of the matter
Lagrangian with respect to the metric as derivatives with
respect to ρ in Eq. (31) yields
∇(g)µ
[
−ρuµuν dLm
dρ
+ δµν
(
Lm − ρdLm
dρ
)]
=
∇(g)µ
[
fT
2κ2
(
ρ(uµuν + δ
µ
ν )
(
dLm
dρ
− 3ρd
2Lm
dρ2
))]
− fT
2κ2
∂νT. (34)
Now, by taking the divergences in the previous relation
and recalling the well-known relation
uν∇(g)ν uµ =
d2xµ
ds2
+ Γµ λν
dxλ
ds
dxν
ds
, (35)
and expressing: ∂νT =
∂T
∂ρ
∂νρ where the trace of the
energy-momentum, according to Eq. (33) is given by:
T = 4Lm − 3ρdLm
dρ
, (36)
the geodesic equation of this metric-affine f(R, T ) theory
is provided by
d2xµ
ds2
+ Γµ λν
dxλ
ds
dxν
ds
= fµ, (37)
where the extra force fµ is given by
fµ = −∇(g)ν ln
[
dLm
dρ
+
fT
2κ2
(
dLm
dρ
− 3ρd
2Lm
dρ2
)]
×(gµν + uµuν). (38)
In other words, in this formulation the particles follow
geodesic trajectories if and only if fµ = 0.
To illustrate the above statement, note that for the
case of dust, this extra force takes the following expres-
sion:
fµdust = −(gµν + uµuν)∇(g)ν ln
(
1 +
fT
2κ2
)
(39)
It is clear from this last relation that the extra force van-
ishes only for the case fT = 0, i.e., f(R, T ) is only a
function of R, which coincides with the standard metric-
affine approach of f(R) gravity (see for example the di-
rect calculation of this made in [40]).
III. WEAK FIELD, SLOW-MOTION LIMIT
To investigate the weak field limit of these theories, we
start from the conformal relation (11), whose perturba-
tion can be expressed as
δgµν =
δhµν
fR
− hµν
f2R
δfR . (40)
Now let us introduce perturbations upon a Minkowski
background, namely, hµν ≈ ηµν+t¯µν and gµν ≈ ηµν+tµν ,
where t¯µν ≪ ηµν and tµν ≪ ηµν . This means that, at
the background level via the conformal relation above,
one has fR ≈ 1 (but δfR 6= 0). On the other hand, using
the standard gauge choice ∂λ(t¯
λ
µ− t¯2δλµ) = 0 one finds that
Rµν(ηµν+ t¯µν) ≈ − 12✷t¯µν , where ✷ is the D’Alambertian
(in flat space). After noting that δRµν(h) ≈ ηµαδRαν ,
inserting these results into the field equations (13) one
arrives at
− 1
2
✷t¯µν = κ
2
(
τµν +
f
2κ2
ηµν
)
. (41)
Limiting ourselves to the nonrelativistic source limit
(P → 0), one can compute τµν ≈ ρ
(
1 + fT /κ
2
)
uµuν ,
from where the perturbed field equations (41) read
− 1
2
~∇t¯µν ≈ κ2ρ
(
1 +
fT
κ2
)
uµuν +
f
2
ηµν . (42)
Given that the background solution is flat Minkowski
space and that ρ represents the leading order contribu-
tion from the matter sector, the term proportional to fT
in the above expression must be regarded as higher or-
der and, thus, negligible to this order of approximation.
Nonetheless, we will keep track of this contribution in the
equations by defining the quantity
ρT = ρ
(
1 +
fT
κ2
)
. (43)
Assuming a standard structure for the metric perturba-
tions
t¯µν =
(−2φ¯N 0ˆ3×1
0ˆ1×3 ψ¯δij Iˆ3×3
)
, (44)
where Iˆ and 0ˆ are the identity and zero matrices, re-
spectively, then the (0, 0) component of the perturbation
equations (42) reads
~∇2φ¯N ≈ κ2ρT − f
2
. (45)
6Now, given that δgµν = t¯µν − ηµνδfR and δfR = fRRδR,
one can write the Newtonian potential φN ≡ −δg00/2
using Eq. (10) as
φ¯N = φN + λρ , (46)
where λ ≡ (fR − RfRR)−1fRRκ2/2 is evaluated in vac-
uum. This leads to the following modified Poisson equa-
tion for metric-affine f(R, T ) theories:
~∇2φN ≈ κ2ρT − f
2
− λ~∇2ρ . (47)
Given that in this equation f(R, T ) is a function of ρ and
P , using the notation κ2ρ˜/2 ≡ κ2ρT−f/2, this expression
boils down to the usual result in the GR limit, which
allows to write
φN =
κ2
8π
∫
d3~x′
ρ˜(t, ~x′)
|~x− ~x′| − λρ . (48)
This modified Newtonian potential is formally identical
to that found in the weak field limit of the Eddington-
inspired Born-Infeld (EiBI) theory of gravity (see the re-
cent review [41], Sec. 3) and, therefore, the implications
derived from it might be similar except, perhaps, due
to new effects arising from the redefinitions introduced
above. These similarities are expected, in particular, in
nonrelativistic stellar models.
IV. SOME APPLICATIONS
A. Stellar structure equations
The weak field equations derived above were useful to
establish some relations between the physics of metric-
affine f(R, T ) models and other gravity theories such as
the EiBI model. In this section we derive the complete
Tolman-Oppenheimer-Volkov (TOV) equations for hy-
drostatic equilibrium to show that the metric-affine ver-
sion of f(R, T ) theories studied in this work does intro-
duce different physics in the full relativistic regime. For
this purpose, we consider the nonconservation equation
(29) applied to a perfect fluid (18) to find
∂rP = −
(
1 + κ−2fT
)
(ρ+ P )[
1 + 2
κ2
(
fT + P∂P fT +
1
4fT∂PT
)]uα∇αur .
(49)
In the fT → 0 limit, this equation recovers the usual
structure equation of GR and of metric theories of gravity
with no matter-curvature couplings. For static, spheri-
cally symmetric configurations, only the radial derivative
equation survives and one finds that uα∇αur = Γttr =
Ar/2A, where gtt = −A(r). The resulting TOV equa-
tion thus takes the form
∂rP = −
(
1 + κ−2fT
)
(ρ+ P )[
1 + 2
κ2
(
fT + P∂P fT +
1
4fT∂PT
)] Ar
2A
. (50)
The weak field limit obtained in the general case above
follows from this equation by taking
(ρ+ P ) ≈ ρ , κ−2fT → 0 , (51)
and
Ar ≈ 2
[
κ2M(r)
8πr2
− λρr
]
, (52)
with M(r) =
∫ r
d3~xx2ρ˜(t, ~x). After setting specific
f(R, T ) models these equations allow to solve any sce-
nario of interest in this context.
B. Electromagnetic fields
Let us consider now the case of an electromagnetic
field. For a Maxwell field, described by the Lagrangian
density Lm = − 116piFµνFµν , where Fµν = ∂µAν − ∂νAµ
is the field strength tensor, from Eq. (14) one finds that
Θµν = −Tµν = − 1
4π
(
FµαFν
α − 1
4
gµνFαβF
αβ
)
. (53)
From Eq. (8) this result yields the cancellation of the
fT contributions which, together with the tracelessness
of Maxwell’s energy-momentum tensor, implies that any
solutions for these matter fields will coincide with those
of GR regardless of the f(R, T ) theory chosen.
In order to find nontrivial new physics associated with
electromagnetic fields, one must go beyond Maxwell’s
theory and consider instead nonlinear electrodynamics
theories. In this case, defining the matter sector as
Sm = 1
8π
∫
d4x
√−g ϕ(X) , (54)
where ϕ(X) is a function of the field invariant X =
− 12FµνFµν specifying the model of nonlinear electro-
dynamics4 (Maxwell electrodynamics corresponding to
ϕ(X) = X). The corresponding energy-momentum ten-
sor reads
Tµν =
1
4π
(
ϕXFµαFν
α +
ϕ
2
gµν
)
, (55)
where ϕX ≡ ∂ϕ/∂X . In this case it is easy to find that
Θµν = −Tµν + 1
2π
XϕXXFµαFν
α , (56)
and
τµν = Tµν − fT
2πκ2
XϕXXFµαFν
α . (57)
4 Functions of a second field invariant, Y = − 1
2
FµνF
⋆µν , built out
of the dual field strength tensor, F ∗µν ≡ 1
2
εµναβFαβ , are also
possible, but for simplicity we shall not consider them here.
7The new fT contributions induce modifications as com-
pared to GR solutions, as we shall see at once with an
explicit example.
Let us focus on (electro-)static, spherically symmetric
solutions, for which the only nonvanishing component of
the field strength tensor is Ftr 6= 0. In this case, the
matter energy-momentum tensor reads
Tµ
ν =
1
4π
( [−XϕX + ϕ2 ] Iˆ 0ˆ
0ˆ ϕ2 Iˆ
)
, (58)
where now X = −FtrF tr, while the conserved energy-
momentum tensor takes the form
τµ
ν =
1
4π
( [
−XϕX + ϕ2 + 2 fTκ2 X2ϕXX
]
Iˆ 0ˆ
0ˆ ϕ2 Iˆ
)
,(59)
where Iˆ and 0ˆ are the 2×2 identity and zero matrices, re-
spectively. To proceed further and find solutions we need
to specify an f(R, T ) model. For simplicity and to illus-
trate the general procedure to solve the field equations,
let us choose the simple model f(R) = R + ǫT , where ǫ
is some parameter5. From the trace equation (10) one
finds that R = −(κ2 + 2ǫ)T − fT
piκ2
X2ϕXX and inserting
this result into the field equations (13), a bit of algebra
yields
Rµν(h) =
κ2
f2R
(
ϕ¯ Iˆ 0ˆ
0ˆ (ϕ¯+ ϕ¯X) Iˆ
)
, (60)
where we have defined the quantities
ϕ¯ = − 1
4π
(ϕ
2
+
ǫ
κ2
(ϕ−XϕX)
)
, (61)
ϕ¯X =
1
4π
(
XϕX − ǫ
κ2
2X2ϕXX
)
, (62)
for notational convenience.
To solve this kind of field equations in metric-affine
gravities one usually introduces two different line ele-
ments, one for gµν and another one for hµν , and then
makes use of the conformal transformation (11) to work
out the relations among the functions on each line ele-
ment. However, for the model chosen here, fR = 1, and
such line elements become the same. Let us thus propose
an ansatz for a static, spherically symmetric line element
of the form
ds2 = −A(r)e2ψ(r)dt2 − 1
A(r)
dr2 + r2dΩ2 , (63)
where {A(r), ψ(r)} are functions of the radial coordinate
r and dΩ2 = dθ2+sin2 θdφ2 is the angular element on the
5 Cosmological FRW-type solutions of this model can also be easily
worked out, with the result that, for dust, the scale parameter
behaves as a(t) ∝ tα, where α = 2
3
(
κ2+3ǫ/2
κ2+ǫ
)
. This is a similar
result as that obtained in the metric formulation of these theories
[20].
unit 2-spheres. From the combination Rtt − Rrr = 0 of
the field equations (60) it follows that ψ(r) = constant,
which can be set to zero without loss of generality. As
for the component Rθθ =
1
r2
[1−A(r) − rAr ] on the left-
hand side of Eqs. (60), introducing a standard mass
ansatz of the form A(r) = 1− 2M(r)/r, it can be solved
as (recall that X = X(r))
M(r; ǫ) =M0 − κ
2
2
∫ ∞
r
dRR2 [ϕ¯(X) + ϕ¯X(X)] , (64)
where M0 is an integration constant identified as
Schwarzschild’s mass. The next step to provide explicit
solutions would be to supply a specific function ϕ(X),
i.e., to choose any of the nonlinear models of electrody-
namics studied in the literature, for instance, in the con-
text of spherically symmetric solutions in GR, see e.g.
[42–49]. Once given, the resolution of the correspond-
ing matter field equations, ∇µ(ϕXFµν) = 0, would pro-
vide the explicit expression of X(r) needed to carry out
the integral in Eq. (64), thus closing the problem. The
analysis of this kind of models and solutions could open
new avenues in the investigation of outstanding problems
in this context, such as the singularity avoidance within
nonlinear electrodynamics coupled to gravity, paralleling
previous analysis carried out in the context of metric-
affine f(R) theories, see e.g. [50].
C. Scalar fields
Scalar fields represent yet another example suitable for
investigation within these theories and yielding nontriv-
ial new dynamics. Defining in this case the Lagrangian
density as Lm = 12 (gµν∂µφ∂νφ + 2V (φ)) where V (φ) is
the potential, one finds Θµν = −2Tµν + gµνLm, and the
effective energy-momentum tensor reads
τµν = T
µ
ν
(
1 +
fT
κ2
)
− fT
κ2
Lmδµν . (65)
Likewise the electromagnetic field case above, setting spe-
cific f(R, T ) models and working out the corresponding
field equations one may find fT -corrections to GR so-
lutions, which brings about new possibilities. For in-
stance, free (V = 0) geonic solutions of the kind found
in Ref. [51] in the context of Eddington-inspired Born-
Infeld gravity should also be possible in metric-affine
f(R, T ) theories.
V. CONCLUSION
In this work we have derived the field equations of
f(R, T ) theories with independent metric and affine con-
nection (metric-affine approach). We have found that for
matter sources not coupled to the connection (for which
8the torsion degrees of freedom are trivial [36]), the sym-
metric part of the connection can be written as the Levi-
Civita connection of an auxiliary metric conformally re-
lated to gµν via the matter sources, and that the resulting
field equations can be formally written in the same way
as those of metric-affine f(R) theories once an effective
energy-momentum tensor is defined. These equations im-
pose the nonconservation of the energy-momentum ten-
sor, therefore entailing nongeodesic motion and the ap-
pearance of a fifth force, which has a nontrivial impact for
the physics of compact objects and relativistic stars. For
nonrelativistic stellar objects, the dynamics is qualita-
tively similar to that found in the EiBI model, for which
there exists extensive literature [41].
After having under control the basic framework for
metric-affine f(R, T ) gravity, we have introduced the
main elements for some applications. When coupled to
perfect fluids, the nonconservation equation introduces
novelties in the hydrodynamical equilibrium equation
in the full nonrelativistic regime, with expected non-
negligible consequences for compact objects in this con-
text. When coupled to electromagnetic fields, we have
shown that these theories yield the same solutions as GR
unless a nonlinear theory of electrodynamics is consid-
ered, where the problem of non-singular black holes can
be tackled from a different perspective, and similar com-
ments apply to scalar fields.
In summary, the primer f(R, T ) gravity in the metric-
affine formalism developed in this work opens new av-
enues of research and the possibilities to explore new
physics in this context are huge. Further research is ex-
pected in these and other directions in the future, on
which we hope to report soon.
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